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Koopman, von Neumann

(2, F, ) — standard probability measure space.
T : 2 — 2 — measurable invertible u-preserving transformation

(automorphism), i.e., VA c §
T 1A TAcF and u(Ad) = u(T71A) = u(TA).

Upf = foT for f e Ly(£2,§,n) — Koopman operator.
1 n—1 I '
Anf = = > UrJ — ergodic averages.
k=1

Theorem (von Neumann, 1932). For all f € L>(€2,3, 1)
[Anf —E(f|3)][2 = 0 as n — oo.



Coboundaries

fe(d—-Up)L>(2,8, 1) — coboundary, i.e., f(x) =g(x) —g(Tx)
for g € Lo(€2,5, 1)

Coboundaries are Up-invariant and dense in L>(2,5, 1) © C.
Theorem (Browder, 1958; Butzer, Westphal, 1971).
f —E(f|3) is coboundary iff [|[Anf — E(f|3)]2 = O().

The rate of convergence O(%) as n — oo IS maximal possible in
the von Neumann ergodic theorem. Namely, the rate of convergence
0(%) occurs only in the degenerate case f = E(f|J)

(Butzer, Westphal, 1971; Gaposhkin, 1975; Sedalishchev, 2014)



Filtration

Let §o be a o-subalgebra of o-algebra § such that T—lso C $o.
Thus, we have filtration of o-algebras §, ;= T"§g,n € Z, i.e.,

Let Fooo=[) Fr» F4oo= V &n

n<0 n>0
and denote Enf = E(f|§n), n € [—o0, +00].

Theorem (Adler, 1964; Sinai, 1964). The following equivalence
is valid: for any o-algebra §g C §

T7%C%% = Fo=T"1F] < h(T) =0
Here h(T) is measure-theoretic entropy of T.



Gordin classes and Gordin space

We call a function f belonging to the Gordin class &(T,3p)
generated by the o-algebra §o, if

J € (I — En)LQ(ngma/i)

for some m,n € Z,m > n. Thus,

®(T7 SO) — U Hn,ma Hn,m — (I T En)LQ(Q,Sm,M)

m>n
The Gordin space &(T') is the linear span of all Gordin classes
@(T,So), i.e.,

&(T) = span{&(T,3o) : T_lgo C So}-



Why such a name?

Due to famous Gordin paper in CLT, where this constrution
WOrKS.

M. I. Gordin, “The central limit theorem for stationary processes’,
Dokl. Akad. Nauk SSSR, 188:4 (1969), 739—-741.

e [ he proof of Kolmogorov’'s theorem that K-automorphisms
have infinite Lebesgue spectral type involves functions from the
Gordin class of the form x4 — E(x4l|85-1), 4 € Jo.

e Assani showed that functions of the form g = x4 — E(x4|§-n),
A € Fm,m,n > 0 are Wiener-Wintner functions of power type 1/4
in L->(2,§, ). This means that
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The rate of convergence

Theorem (P., 2023). Let the o-algebra §g be such that J C §»
for each n € Z. Then for any function f from the Gordin class & (T, 3p)
we have

||ANf||2=O<\/LN> as N — .

Sketch: There are n,m € Z with m > n and g € L>(£2,8m, r) such
that f =g — Eng. Then E(f|J) = 0.

N-1

S (N —EKk)Re(foT*, f)2, but

2
we have [|Ayf3 =112 2
N k=1

2
N
for k > m — n the function g o T will be §,,,_i-measurable. It yelds
(foTk, ) =0 for k > m —n.



Corollaries

Corollary 1. For any function f from the Gordin space, the
spectral measure o satisfies the estimate o((—6,6]) = O(J) as
6 — 0 (using Kachurovskii criterion, 1996).

Corollary 2. For uniform convergence on the space Hp m, there
IS the estimate

[T — N
||AN||Hn,m—>L2(Q,S,u) S T fOI’ a” N 2 m — n.

Corollary 3. For any function f from the Gordin space, the
asymptotic relation is valid a.e.

IN N(InIn N)?
A = 0
w7 ( VN
for any 8 > 1/2 (using Cuny theorem, 2011).

) as N — oo



Properties of the Gordin classes

Let A(T") > 0, then the Gordin class &(T,3g) :

e iS a linear space;
e iS invariant under the Koopman operator;
e iS a dense subset of the first Baire category in

LQ(Qa 3—|—ooa :u) S LQ(Qa 3:—007 :u)

It follows from:

Hmmn + Hpgq C Hmax{m,p},min{n,q}7 UrHnm = Hn—l,m—la

and using Doob convergence theorem.



Pinsker algebra

The condition A(T) = 0 can also be expressed by the following
equality of o-algebras:

n{T,3) =3,
where M(T,¥) is the Pinsker o algebra, i.e.,
NT,5) ={A€F: h({A,Q\ A} =0)}.

Thus, for automorphisms with A(T) > 0, the Pinsker o-algebra MN(T,§)
IS @ proper o-subalgebra of the o-algebra §.

Theorem (Rokhlin, Sinai, 1961). Let § be a T-invariant o-
algebra, i.e., T~1% = 3. Then there exists an extremal o-subalgebra
§o C § such that

T 150 CF0, Fooo=T(T,F), Fgoo=7"
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On the closure of Gordin space

Let h(T) > 0 and T be ergodic, then

clspan{&(T,35o) : T_li?o C Jot
cspan{La($2, Foos 1) © Lo(2,F—00 1) : T~ 50 C Fo}
= clspan{Lo(2,§,p) & Lo(Q, (T, §), ) 1 T =5}

cl &S(T)
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